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Determination of Launch-Vehicle Response
to Detailed Wind Profiles

HAROLD C. LESTER* AND HOMER G. MoRGANf
NASA Langley Research Center, Hampton, Va.

A method for predicting the response and bending loads experienced by a launch vehicle
ascending through winds is presented. The horizontal wind-velocity profiles utilized by the
method are those which are measured by a high-resolution technique, such as the smoke-trail
method, and contain high-frequency gust components as well as the longer wavelength winds
and wind shears. Motion in the pitch plane is considered, and structural bending and propel-
lant slosh degrees of freedom are included in the analysis. A body-fixed coordinate system is
used, and a variational principle is employed to derive the nonlinear differential equations of
motion, which have time-varying coefficients. The equations are solved numerically by means
of a Runge-Kutta procedure. The wind-disturbed flat-earth ascent trajectory is computed for
a specified pitch program. The method is applied to a representative launch vehicle, and its
response and dynamic loads are determined for flight through a typical wind profile.

Nomenclature

slope of the normal-force coefficient, 1/rad
Hj R = inertial axes
.h, r = coordinates along inertial axes denoting altitude and

range, respectively, ft
length of launch vehicle, ft
Mach number, dimensionless

mk = propellant slosh mass, Ib-sec2/ft
q = dynamic pressure, q = %pVmw

z, psf
qi(t] = generalized coordinate associated with the ith bend-

ing mode (i = 1, 2, and 3), ft
u(x, t) = elastic displacement of structural center line, equal to

ft

Vm
Vmw
Vw
Vx, Vy

.X, Y
x, y
.xcg
Xk
•x$j xo

•a.
•am
7

•5
BC
6, BC

e.g. velocity of launch vehicle, fps
velocity of launch vehicle relative to wind, fps
wind velocity, fps
components of e.g. velocity vector along X and Y

axes, respectively, fps
body-fixed coordinate axes
coordinates along X and Y body axes, ft
gravity center coordinate, ft
propellant slosh mass location, ft
coordinates locating attitude sensor and attitude-

rate sensor, respectively, ft
rigid-body angle of attack, equal to 9 — 7, rad
wind-induced angle of attack, rad
flight-path angle, rad
gimbaled engine deflection angle, rad
gimbaled engine command function, rad
attitude and attitude command angle, respectively,

rad
feedback angle, rad
error angle, equal to Bc — Of, rad
propellant slosh coordinate as measured from de-

formed structural centerline, ft
atmospheric density at altitude h, Ib-sec2/ft4

displacement of ith mode, dimensionless
a differentiation with respect to time
a differentiation with respect to x
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Introduction

AS a launch vehicle ascends through the atmosphere, it is
subjected to many disturbances among which are wind

velocities, which have been referred to as winds, wind shears,
and gusts. The loads induced on the structure by these at-
mospheric disturbances are a major part of the total flight
loads for which the vehicle must be designed. Therefore, the
dynamic responses and loads due to the wind velocities must
be predictable and understood to assure optimum design of an
adequate structure.

Methods that have been used to determine wind, wind
shear, and gust loads have been influenced by the types of
data on atmospheric disturbances that were available. These
data are of two types: radiosonde balloon measurements of
horizontal wind-velocity profiles and vertical gust-velocity
measurements made by horizontally flying airplanes. The
former data describe the long wavelength behavior of the
atmosphere (winds and wind shears), whereas the latter data
represent short wavelength fluctuations.

Many methods used for predicting loads make use of rigid-
body representations for the vehicle flying through balloon-
measured wind profiles.1"5 Loads obtained from relatively
arbitrary one-minus-cosine gusts or random gusts acting on a
flexible vehicle are then superimposed on the wind loads to
obtain total loads. Recently, several methods have been de-
veloped for determining wind and wind shear loads on a flexi-
ble vehicle. For example, Goldman6 and Keith, Lincoln, and
Tarnower7 have presented solutions for perturbations from a
reference trajectory. Clingan, Gates, and Andrews8 use a
direct numerical solution of differential equations having time-
dependent coefficients. However, these methods still rely
on superposition of a gust load from a separate analysis to
obtain total loads.

In this paper, a method for determining the response and
bending-moment loads on a launch vehicle ascending through
detailed wind profiles is presented. The wind profiles utilized
contain both the long wavelength winds and wind shears and
the short wavelength gusts. This method is required because
detailed wind-profile data, obtained by the smoke-trail tech-
nique,9 are now becoming available. To properly use these
data, the method represents the launch vehicle by a set of
nonlinear differential equations having time-varying coeffi-
cients and includes elastic bending, propellant sloshing, and
control-system effects. The response equations are solved
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numerically on a digital computer. Inherent in the solution
is the wind-disturbed ascent trajectory. The method is
illustrated by application to a typical launch vehicle.

Wind-Profile Data

The methods used to calculate the wind loads on launch
vehicles are influenced by the type of wind-profile data.10

The three types of wind profiles which have been used for
loads calculations are illustrated in Fig. 1, where wind
velocity is shown as a function of altitude. The principal
source of data has been radiosonde balloon soundings,
typically illustrated by the broken line. In this method, a
lightweight balloon is tracked by radio direction finding
equipment as it ascends through the atmosphere. The track-
ing data are averaged over 1000- or 2000-ft-alt intervals, thus
masking the short wavelength fluctuations. Many wind
soundings of this type have been made over the past decade
at a large number of geographical locations. Some of the
more recent load prediction methods2""5 use these wind profiles
directly to determine the statistics of expected wind loadings
by analytically flying a vehicle through a large number of
profiles. Other work11"13 has attempted to account for the
statistical character of the atmosphere by using the sounding-
data to generate synthetic wind profiles, such as that il-
lustrated by the dashed line in the figure. Since the syn-
thetic profiles are deduced from the radiosonde data, the
short wavelength fluctuations, or gusts, are not included in
such profiles.

More recently, techniques such as the smoke-trail method
have been developed which measure detailed wind profiles
illustrated by the solid curve. These wind-sounding methods
provide wind-velocity readings at 50- to 100-ft-alt intervals,
compared to the 1000- to 2000-ft-alt averaging increments
used in balloon techniques, and thus define the short wave-
length disturbances, or gusts, as well as the winds and wind
shears. Only a limited number of the detailed profiles are
available at present. However, sounding rocket programs to
obtain enough profiles for statistical evaluation are in progress.
The method of loads calculation presented herein has been de-
veloped to utilize these detailed wind-profile data.

Analysis

The procedure will be outlined very briefly since the details
can be found in the literature.

Mathematical Model

The coordinate systems are illustrated in Fig. 2. Both
body-fixed and inertial (space-fixed) axes are used. In gen-
eral, motion is referenced to a Cartesian coordinate system
(X, Y) fixed in the undeformed rigid body and oriented with
respect to the local flat earth horizontal (R inertial axis) by
the attitude angle 6. The velocity vector of the center of
gravity is oriented to the local horizontal by 7, the flight-path
angle. The rigid-body motion is characterized by translatery
motion along the respective body axes and a rotation about
the e.g. The time rate of change of the e.g. within the
vehicle is neglected.

The vehicle is assumed to be autopilot controlled and sub-
jected to the disturbing influence of atmospheric winds.
Control forces are produced by vectoring the thrust chambers
through an angle 5 in response to commands provided by the
autopilot.

Bending of the launch-vehicle's structure is approximated
by the superposition of several free-free beam modes, using
the relation

u(x,t) = lLfa(x)qi(t)
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Fig. 1 Types of wind profiles.

vehicle's structure, where fa(x) represents the free-free beam
modes and <?;(£) represents the related generalized coordinates.
The mode shapes fa (x) are functions of the mass and stiffness
properties exhibited at discrete times in the trajectory.

A spring-mass analogy is employed to approximate liquid
propellant motion. This analogy has been developed in the
literature1'14 for a variety of tank configurations. It dupli-
cates the force exerted on the tank by the liquid when the
fundamental slosh mode is excited at its resonant frequency.
The parameters required by this representation are slosh mass
(mk), slosh frequency (cofc), and slosh mass location (Xk). The
quantities are, in general, functions of the acceleration field
and fluid depth-tank radius ratio, which may be correlated to-
time using the propellant flow rates, and may be evaluated
from information available in the cited literature. Viscous
damping is included in each slosh degree of freedom.

The gimbaled thrust chamber or engine is positioned by an
actuator in response to commands from the control system.
Generally, the actuator is an electrohydraulic mechanism that
exhibits a nonlinear response at small amplitudes. For the

which defines the centerline displacement (see Fig. 2) of the Fig. 2 Coordinate system arid velocity vector relations..



64 H. C. LESTER AND H. G. MORGAN J. SPACECRAFT

r | NETWORK j "I THRUST CHAMBER

ATTITUDE RATE!
SENSOR I*

ATTITUDE SENSOR

1 STRUCTURAL DYNAMICS)

——————— C

E$(x0)<»i

£ ——————

Fig. 3 Control-system block diagram.

present analysis, the positioning mechanism is assumed to be
described by a third-order, linear differential equation with
the coefficients determined by a linearization technique such as
the describing function method.15

Method of Analysis

The equations of motion are derived using a variational
principle founded on momentum considerations.16 The
equations that result from this principle are

d/5L\ _
+ (1)

Here, L is the Lagrangian, defined as the difference between
the kinetic energy T and potential energy U, and /?»• is any
generalized coordinate. The generalized forces Qfa and Qfa
result from external forces not derivable from a potential and
internal forces due to mass flow within the system, respec-
tively. Note that, if mass-flow effects are neglected (Qfa = 0),
Eq. (1) reduces to the classical form of Lagrange's equation.

The general form of the Lagrangian operator is referred to
an inertial or space-fixed frame. It is convenient, however, to
describe the motion in terms of a reference frame that is fixed
to and moves with the launch vehicle, such as the (X, Y) co-
ordinate system illustrated in Fig. 2. It is therefore necessary
to transform the classical expression of Lagrange's equations
to an equivalent form valid in the rotating coordinate system.
Details of this transformation to aquasi-coordinates" may be
found in the literature.17- 18 A similar but less general form is
developed by Thomson19 from virtual work considerations.
When transformed, Lagrange's equations for the rigid-body
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Fig. 4 Launch-vehicle configuration at 62 sec after liftoff.
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Fig. 5 Altitude, Mach number, and dynamic pressure
time histories.

degrees of freedom (translation and pitch) assume the follow-
ing forms:

_
dt\d&

*>U

(2)

where U has been assumed independent of r. The generalized
forces (2FX, 2Fy, and 2Meg) account for all external forces
and moments not included in the potential function U. La-
grange's equations for the remaining degrees of freedom are in-
variant under the transformation and have the form

(3)

where /5t represents a particular coordinate (degree of free-
dom) and Z), a velocity-dependent dissipation function, has
been included as a convenient way to account for internal
damping.

The details of forming the kinetic and potential energies and
the dissipation function and carrying out the operations indi-
cated by Eqs. (2) and (3) will not be repeated here since they
can be found in the references.16- 20

Aerodynamic and Propulsive Forces

Aerodynamic forces are quasi-steady, based on the local
time-dependent angle of attack and normal-force distributions
measured or calculated along the launch-vehicle longitudinal
axis. These forces are assumed linear with angle of attack and
neglect the gust penetration effect. The aerodynamic forces
are functions of Mach number but are converted to functions
of time for use in the analysis by a Mach number-time relation
from a nominal trajectory.

As noted earlier, the variational principle yields generalized
forces that account for distributed loadings due to the momen-
tum flux of the internal propellant flow. The distributed
loading, when integrated, yields the primary propulsion or
thrust forces and additional damping terms that may be
categorized as jet damping effects. Jet damping is neglected
herein and only the principal thrust terms are retained in the
equations of motion.20

Control-System Considerations

A general description of launch-vehicle control systems has
not been attempted due to the large variety of possible com-
binations of elements. Instead, a typical autopilot control
system was chosen to illustrate the approach with the realiza-
tion that the control-system equations would probably have
to be rewritten for a particular launch vehicle. The block
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Fig. 6 Attitude angle, angle-of-attack, and ginibal angle
time histories.

two sloshing, and three rigid-body degrees of freedom. The
control system had attitude and attitude-rate feedback, and
an integration of the attitude error and a second-order filter
in the forward loop.

Aerodynamically, the configuration is a cone cylinder.
Lift, drag, and moment data for this configuration were
available for the Mach numbers of interest. However, lift
distributions, such as the one illustrated for a Mach number
of about 1.0, were determined by assuming a linear lift
build-up over the forebody and an exponential decay over the
afterbody.

The elastic properties of the vehicle are illustrated by the
mode shapes at 62 sec after liftoff as shown in Fig. 4. Both
the mode shapes and the frequencies of the modes changed with
time, i.e., the first-mode frequency increased from 2.01 cps at
liftoff to 2.58 cps at 100 sec of flight.

diagram of the autopilot used is shown in Fig. 3. Pitch atti-
tude commands are the system inputs. The forward loop
contains a signal shaping network consisting of a second-order
filter in parallel with an integrator. The gimbaled engine
is a third-order, linear system. Control-system feedback is
through two paths: an attitude channel and an attitude-rate
channel. The terms proportional to gi represent the struc-
tural motion that is sensed by the gyros (structural feedback).

Computer Program

The launch-vehicle wind-response equations were pro-
gramed for solution on a high-speed digital computer. The
program has provisions for as many as three bending and
two propellant slosh degrees of freedom. Time-dependent
input parameters were approximated using tabulated data
and a linear interpolation subroutine. In order to accommo-
date detailed wind inputs, the wind (Vw) table was expanded
to facilitate defining the wind velocity at as many as 1000 dis-
crete altitude levels. For example, with an altitude ceiling of
60,000 ft, the wind input Vw may be defined about every 60 ft
of altitude, although the table may be compressed in certain
altitude intervals and expanded in others to provide maximum
definition. Atmospheric properties were interpolated from a
standard atmosphere.

The nonlinear, time-dependent equations were solved by a
fifth-order integration using a fourth-order Runge-Kutta
routine. The dependent variables (velocities and displace-
ment) were computed for both a whole and two half-intervals
and the results compared to establish whether the computing
interval should be halved, doubled, or remain unchanged.
Furthermore, on the basis of the difference between the whole-
and two half-increment computations, the latter was im-
proved by a correction procedure known as extrapolation to
zero interval size.21 Double precision internal addition was
used to reduce round-off error. Since the equations are
linearly cross-coupled through the accelerations, a matrix in-
version was required to obtain these quantities.

Application to a Typical Launch Vehicle

In order to illustrate this method of determining wind
loads, the response of a typical launch vehicle was calculated.
This portion of the paper will be devoted to this calculation
study as illustrative of the results that can be obtained by the
procedure.

Configuration

The configuration chosen for the study is shown in Fig. 4.
Its characteristics were those of a large liquid-propellant
launch vehicle having a thrust equal to 1.25 times its weight
at liftoff. The trajectory has a 15-sec vertical rise followed by
an attitude-time schedule that approximated a no-wind zero-
lift trajectory. The vehicle was represented by three elastic,

Response to Detailed Wind Profiles

The launch vehicle was flown analytically through tho
smoke-trail wind profile shown in Fig. 1. The responses dis-
cussed in this section are typical examples of the results ob-
tainable from this procedure using measured wind data.

Trajectory

The wind-disturbed trajectory of the vehicle is computed as
part of the solution to the equations of motion. The trajec-
tory is illustrated in Fig. 5 for flight through the smoke-trail
wind (headwind). Maximum dynamic pressure is about 900
psf about 72 sec after liftoff. The corresponding Mach num-
ber is about 1.65 and the altitude is about 36,000 ft. The
horizontal wind velocity combines vectonally with the inertial
vehicle velocity to influence these quantities as evidenced by
the slight peaking of dynamic pressure and Mach number.
The calculations have been carried to 90 sec of flight time
(about an altitude of 60,000 ft), well beyond maximum dy-
namic pressure and the peak loading conditions.

Other significant trajectory time histories for flight through
the same wind profile are shown in Fig. 6. The attitude angle
indicates a vertical rise for 15 sec, then a gradual tilt as com-
manded by the pitch program. Small attitude oscillations are
apparent in the region of max q. These oscillations also ap-
pear in the total angle-of-attack time history. They occur at
the pitch frequency of the vehicle and are excited by several
sudden, almost step, changes in wind velocity that appear in
Fig. 1. Angles of attack of about 7° occur early in the flight
during the initiation of the pitch program. Near max q, the
peak angles of attack are about ±4°. The gimbal angle 6
follows the angle of attack very closely and has maximum
values of about ±4^°. A slight high-frequency response ap-
pears in the gimbal angle time history, indicating structural
coupling.

Elastic-body response

The response of the elastic degrees of freedom is shown in
Fig. 7. The curves are time histories of the displacement of

40 60
Time, sec

Fig. 7 Time histories of the deflections of the first three
bending modes at the gimbal station.
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Fig. 8 Sloshing response of propellants.

the gimbal station in each of the three bending modes. On
this time scale, the oscillations at the modal frequencies are
barely visible so that most of the response appears to be
^quasi-static and follows the gimbal angle and angle-of-attack
time histories. The maximum displacements occur near max
q and amount to less than 0.15 ft in the first mode at the gim-
bal station. Displacements of the second and third modes are
two orders of magnitude less than first-mode displacements.

Sloshing responses

The responses of the two slosh masses are illustrated in Fig.
8. The solid curve is the time history of slosh motion in the
LOX tank, whereas the dashed line is the time history for the
fuel motion. The low damping of the slosh freedoms (about
5% of critical) is apparent from the persistence of the oscil-
lations. The fuel is excited to much higher slosh amplitudes
than the sloshing LOX: a fact explained by noting that the fuel
tank is farthest from the vehicle center of gravity and sub-
jected to larger excitation as the vehicle pitches. No sloshing
instability is evident, a result that would be expected for an
adequate control system.

Bending-moment responses

Examples of the bending-moment response of the vehicle
as it flies through the smoke-trail profile are shown in Fig. 9.
The upper curve, labeled station 1, is the bending moment at
a point about 15% of the vehicle length forward of the aft
end. The lower curve for station 2, located about one-third
of the length from the aft end, is in the region of maximum
bending moment on the vehicle, and all bending moments
are normalized to its peak value. The apparent oscillations
in the time period from 40 to 70 sec correspond to the oscilla-
tions in attitude and angle of attack, which were induced by
the wind. The large reversal in bending moment which occurs
at about 75 sec results from the large wind shear reversal be-

Station I 2

Fig. 9 Bending-moment time histories at two vehicle
locations.

Fig. 10 Bending-moment time histories near the wind
shear reversal.

tween 35,000 and 40,000 ft (Fig. 1). The peak bending
moments seem to occur near this shear reversal.

The bending-moment responses on this time scale, showing
90 sec of flight time, reveal very little excitation of the bending
modes. Only a few oscillations appear to be excited by the
wind shear reversal at about 75 sec. In Fig. 10, that portion of
the bending-moment response near the wind shear reversal,
from 70 to 78 sec, has been replotted on an expanded scale.
Here, the excitation of the bending modes is more apparent,
especially at the forward station. The aft station is nearer
the first-mode nodal point and is not noticeably affected.
The modal response produces only a small percentage in-
crease in the total bending load experienced even for the
forward station. This can be attributed to the particular
wind profile chosen for this sample calculation: a profile
having a very high peak wind of over 300 fps, but having a
very low turbulence content. Another profile, containing
higher turbulence or gust levels, would be expected to produce
larger modal excitation.

Concluding Remarks

A method for calculating the dynamic response and loads of
a launch vehicle ascending through detailed wind-velocity
profiles has been presented. Even though the procedure is
quite detailed, several effects of possible significance have
been omitted. For example, future experience with flight
loads may show that three-dimensional analyses are re-
quired, especially for vehicles carrying winged or asymmetric
payloads with aerodynamic or modal coupling between the
pitch and yaw planes. Another example is the penetration of
the vehicle into a gust front, neglected herein but possibly
important for response to short wavelength disturbances.

This method of loads prediction will be quite valuable as a
final design tool to check the loads generated on a vehicle by
"worst case" detailed wind-velocity profiles. The method will
also be required when good quality flight loads data on
launch vehicles become available and calculations to check
experiment against analysis are attempted.
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Shocks Induced by Secondary Fluid Injection

HENRY TAO-SZE HSIA,* HOWARD S. SEIFERT^ AND KRISHNAMURTY KARAMCHETI$
United Technology Center, Sunny vale, Calif, and

Stanford University, Stanford, Calif.

Studies were conducted to determine the shape of the shock wave when a secondary fluid
is injected into a supersonic nozzle. Experiments were done in a supersonic two-dimensional
blow-down wind tunnel using nitrogen for the primary flow. Gaseous nitrogen, liquid nitro-
gen, and Freon-12 were used as the injectants. The shape of the induced shock for different
injection conditions was determined by means of schlieren photographs and china-clay
streak patterns of the flow on the nozzle wall. The possibility of relating the experimentally
observed shock shapes with analytical results obtained by the application of blast-wave ideas
was explored. It was shown that, for the experimental conditions investigated, the shock
shapes may be predicted satisfactorily by the use of the second-order solution for the blast

Nomenclature

A = area
c = speed of sound
D = diameter
E = energy per unit length
J = const [see Eq. (1)]
m = mass flow rate
M = Mach number
p = static pressure
P = stagnation pressure, liquid injection pressure
R = radius of shock
R* = a characteristic length [see Eq. (3)]

Rc = V^*
t = time
V = velocity of flow
x = distance measured from apex of shock along a direction

parallel to the nozzle axis
7 = ratio of specific heats
>7i = correction factor for non-normal injection [see Eq. (4)]
772 = correction factor for evaporation and reaction [see Eq.

(5)]
*7 = ^71*72
6 = angle bet ween injector and nozzle axis
X = const [see Eq. (1)]
p = density
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